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Abstract

Deep learning approaches, known for their ability to model complex
relationships and fast execution, are increasingly being applied to solve
large-scale optimization problems. However, existing methods often face
challenges in simultaneously ensuring feasibility and achieving an opti-
mal objective value. To address this issue, we propose Descent-Net, a
neural network designed to learn effective descent directions from feasible
solutions for linearly constrained optimization problems, improving the
objective value while preserving feasibility with theoretical guarantees on
convergence. Our method demonstrates strong performance on synthetic
linearly constrained optimization tasks. Furthermore, it exhibits strong
scalability on large-scale portfolio optimization experiments with thou-
sands of assets, and we extend the approach to the real-world AC optimal
power flow problem with nonlinear constraints, where promising empir-
ical performance is observed despite the lack of theoretical guarantees.
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1 Introduction

Constrained optimization problems are ubiquitous in practical applications.
While traditional optimization algorithms [29, 30] offer strong theoretical guar-
antees, their computational efficiency often falls short when applied to modern
large-scale problems. As a result, there is increasing interest in leveraging neu-
ral network-based methods to tackle constrained optimization tasks. In recent
years, many emerging works have proposed end-to-end frameworks for solving
constrained optimization problems [1, 2, 17, 22, 42].

This research direction falls under the broader framework of Learning to
Optimize (L20)[6, 13], which aims to leverage deep learning to improve the effi-
ciency and scalability of optimization algorithms. Unlike traditional methods
that rely on handcrafted update rules, L20 methods attempt to automatically
learn optimization behaviors through data-driven approaches. However, most
existing works consider unconstrained optimization problems. This motivates
the development of more flexible frameworks that can incorporate feasibility
into the learning dynamics while remaining scalable to large or structured
problems.

In this work, we propose Descent-Net, a neural network architecture that
takes as input the gradients of both the objective and constraint functions at
a given feasible point. The network is trained to predict an effective descent
direction and an appropriate step size, enabling objective improvement while
maintaining feasibility. Initialized from feasible solutions obtained by methods
such as DC3 [18], H-proj [28], etc., our method typically produces near-optimal
solutions in just a few update steps.

Our main contributions are summarized as follows:

® We design a new exact penalty subproblem that generates feasible descent
directions for linearly constrained optimization problems, forming the
foundation of our approach with theoretical convergence guarantees.

® We propose a neural network architecture, Descent-Net, which unrolls
a projected subgradient method to solve the proposed subproblem. The
network iteratively refines feasible solutions by learning effective descent
directions at each step.

¢ We validate the effectiveness and scalability of Descent-Net through
extensive experiments on quadratic programs and a simple nonconvex
variant of QP with linear constraints. We also include the nonlinear AC
optimal power flow problem as an empirical extension to examine the
practical applicability of the framework beyond the linearly constrained
setting. The method scales to QP instances with up to 5000 variables and
to large-scale portfolio optimization tasks with up to 4 000 assets, consis-
tently producing high-quality feasible solutions with low relative errors
and strong computational efficiency.
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2 Related work

Classical methods for constrained optimization. Classical approaches
to constrained optimization, including projected gradient descent, feasible
direction methods [35, 45], and primal-dual algorithms [9, 29, 30], have
been extensively studied and widely applied. These methods typically offer
convergence guarantees under suitable assumptions, but often suffer from
high iteration complexity and significant computational cost. Recently, GPU-
accelerated algorithms have also been developed, such as HPR-QP [11] and
CuClarabel [15].
Learning to optimize (L20). L20 seeks to replace hand-crafted opti-
mization routines with learnable architectures that generalize across problem
instances. Broadly speaking, L.20 methods can be classified into model-free
and model-based approaches [13]. Model-free methods, such as those based
on recurrent neural networks (e.g., LSTM) [3, 23], aim to learn update rules
directly from data. Model-based methods, on the other hand, incorporate algo-
rithmic structure into the design of the network. Notable examples include
LISTA [14], unrolled manifold optimization algorithms [21]. However, most
existing .20 methods focus on unconstrained or simple constrained problems
and fail to guarantee feasibility when applied to general constrained settings.
To address this, recent works incorporate constrained optimization struc-
tures into neural networks via projection layers [28, 41] or differentiable
optimization modules [1, 2, 8]. However, these methods typically suffer from
scalability and the need to solve nested optimization problems during train-
ing. Some approaches target special cases, such as linear constraints [37], but
their applicability to more general problems remains limited. An alternative
line of work draws inspiration from primal-dual methods, leading to neural
architectures based on ADMM [40] and PDHG [27]. Such methods are usu-
ally evaluated by the KKT error, where feasibility and objective optimality
are of the same order of magnitude, which makes them less suitable for sce-
narios requiring strict constraint satisfaction. Recent efforts have attempted
to address this by designing networks that explicitly return feasible points
[18, 38]; however, such methods still fall short of reaching near-optimal solu-
tions in practice.
Implicit layers. A growing body of work explores the use of implicit neu-
ral architectures, including optimization layers [2], neural ordinary differential
equations (ODEs) [12], and deep equilibrium models (DEQs) [4]. These models
define network outputs via the solution of fixed-point or optimization prob-
lems, allowing compact yet highly expressive representations. Despite their
potential, these approaches often incur high computational costs during both
forward and backward passes. In the context of constrained optimization,
additional challenges arise when estimating gradients of projection operators,
particularly in the presence of complex or nonconvex constraints. Approximate
techniques such as gradient perturbation or stochastic sampling [7, 32] have
been proposed, but typically come at the expense of increased variance and
computational overhead.
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3 Problem setup

For any given data z € R%, we solve the following constrained optimization
problem

miI}L fm(y)v st. yel:= {y I g:v(y) <0, h/l’(y) = 0}7 (1)
y€eR

where f;, g, and h, are smooth (but not necessarily convex) functions that
may depend on the input data x. We assume that there are m equality
constraints and [ inequality constraints:

ha(y) = [he,1(y), bz 2(y), - ham (Y ]T =0,
gw(y) = [gz,l(y)vgm’,Q(y)v e 7gr,l(y)]T < 07

where hy; : R" = Rand g, ; : R* = Rforalli=1,--- ,mand j=1,---,L
We have the following common assumptions for this problem.

Assumption 1 The feasible set C is non-empty and closed; the sub-level set {y € C |
Jz(y) < fz(yo)} is bounded.

Assumption 2 We assume that at any feasible point y, the gradients of the equality
constraints, Vhy i(y), fori=1,2,--- ,m, are linearly independent.

We will use the following LICQ condition to convert Fritz—John stationarity
into KKT stationarity at accumulation points.

Assumption 3 (LICQ) Whenever an algorithmic sequence considered in the con-
vergence analysis has an accumulation point iy, LICQ holds at ij. That is, we assume

that the set of active constraint gradients at 7y,
m

{Vhw,z(?j)}lzl U {ng,] (g)}jGA(g) I u)here A(g) = {j € {17 e 7l} | gw,j (g) = 0}7
is linearly independent.

The notation 4 denotes the active set!, i.e., the set of inequality constraints
that are satisfied with equality.

Assumption 4 Let X CRP be a compact set and assume that all training and test
parameters satisfy x € X. For each x € X, consider the feasible set C. We assume
that:
1. (Uniform boundedness of feasible sets) There exists a compact set Y C R"
such that
CCY forallzeX.

IThis is distinct from the standard definition of the active set, which typically includes the
indices corresponding to the equality constraints.
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2. (Smoothness and uniform gradient bound) The functions fz,hs,gz are
continuously differentiable in y, and the maps
(z,y) = Vyfa(y) and (2,y) = Vygz(y)
are continuous on X x Y. Then, by compaciness, there exist constants Ly >0
and Lg > 0 such that
IVyfe()ll2 < Ly and |[[Vyge(y)ll2 < Lg forallzeX, yeC.

This assumption is reasonable, since practical training always involves a
finite dataset, guaranteeing the existence of an appropriate upper bound.

Assumption 5 (Uniform Hoffman-type error bound). For any fized constant
M >0, for each x € X and y € C, define
Vgx,l(y)T
Buy) :=Vha(y)",  Asz(y):= : s ba(y) == —Mga(y).
Vg:v,l (y)T
Let B
F(z,y) :=={d € R" | Ez(y)d =0, Az(y)d < bz(y)}.
We assume that there exists a constant kg > 0, independent of © and y, such that
forallz e X, ally € C, and all d € R™,

dist (d, F(z,y)) < cpr (1Bz(y)dll1 + [[(Az(y)d — bz (y))+1l1) -

Assumption 5 is a uniform Hoffman-type error-bound condition for the
family of linearized constraint systems. It will be used for later analysis. For
each fixed linear system, such an error bound follows from the classical Hoffman
lemma [24], with a constant depending only on the constraint matrices. In
the present setting, however, the matrices Vh,(y) and Vg, (y) may vary with
(z,y); hence the assumption requires the corresponding Hoffman constants to
be uniformly bounded over the relevant set of feasible pairs (x,y).

3.1 Feasible directions method

The method of feasible directions (MFD) was originally developed by Zou-
tendijk in the 1960s [45]. However, a well-known drawback of MFD is that it
may fail to converge due to the so-called jamming phenomenon. To address this
issue, various fundamental modifications and extensions of MFD have since
been proposed and studied [29, 31, 35, 45]. In this section, we briefly review
the framework of MFD under the assumption that the constraints h, (y) and
g:(y) are linear.

Based on the first-order approximation of the constraint functions, it can
be inferred that, to maintain the feasibility of the solution, a suitable descent
direction d at the current iterate y should satisfy the following conditions:

=0, fori=1,--- ,m,
<d7 ng,j(y)> <0, fOI‘j cA= {]— <] <l gx,j(y) = 0}7

(2)

5
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where Vh,; denotes the gradient of the equality constraints and Vg, ;
corresponds to the inequality constraints.

Zoutendijk Direction-Finding Subproblem. [45]

The Zoutendijk method computes a search direction d € R™ at a feasible point
y by solving the following linear program:

min sz(y)—rd
deRn” (MFD)
st. Vhe(y)'d=0, Vg.;(y)'d<0, j€A |d]e<T1.

Here, Vh,(y)" € R™*™ denotes the Jacobian matrix of equality constraints.
The first constraint ensures that the direction is tangent to the equality
constraint, while the second maintains feasibility with respect to the active
inequalities. The infinity norm constraint serves to normalize the direction and
keep the subproblem bounded.
The step size is then chosen as the largest feasible value such that y + ad
remains in the feasible set:

a=max{a € (0,1] |y + ad € C}.

However, when the iterate approaches the boundary of the feasible region,
the step size & may become arbitrarily small, potentially causing convergence
issues [35].

Topkis—Veinott Uniformly Feasible Direction Subproblem [35]

To resolve this issue, Topkis and Veinott proposed a uniformly feasible
direction (UFD) formulation:

. T
min Vis(y) d

s.t. VhT(y)Td = 07 Vgt](y)—rd < —M - g%j(y)a ] = 17 co 7l7
n
> ldi| =1.
=1

The main difference lies in the fact that all inequality constraints are consid-
ered, and a constant M > 0 is introduced. Notably, setting M = oo recovers the
original formulation in (MFD). This modification ensures that the computed
direction d satisfies

(UFD)

1
9z,j(y+ad) <0, forall j, aslongasa< U

thus providing a uniform lower bound on feasible step sizes and overcoming
the stalling issues of the original method. It can be shown that the direction
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obtained from (UFD) is a feasible descent direction. Moreover, under Assump-
tion 3, any accumulation point of the iterates generated by this method [20, 45]
satisfies the KKT conditions.

4 Algorithm
4.1 Reformulation of UFD subproblem

Our goal is to design a learning-to-optimize (L20) algorithm for solving
the structured problem described above. However, both the Zoutendijk and
Topkis—Veinott methods require solving constrained subproblems at each iter-
ation, which are not suitable for direct embedding into neural networks. To
address this, we reformulate the subproblem by exact penalty method. This
enables us to implement the solver as an unrolled optimization process of pro-
jected subgradient method, forming the basis of our L20 algorithm. In the
following, we describe the reformulated subproblem and the corresponding
L20 architecture.

Motivated by (MFD), we first formulate the following penalized subprob-
lem:

l

mdin Vi.(y)Td+ Z c;max ((d, Vg ;(y)), —Mge ;(y)), st. deD,
j=1
(Pen)

where D = {d : ||d||]2 < 1 and (d,Vh,;(y)) =0, Vi =1,--- ,m}, ¢; > 0 and
M > 0 are the regularization parameters. We use the f5-ball normalization in
(Pen) for algorithmic convenience. The norm constraint in MFD/UFD mainly
serves to normalize the search direction and make the direction-finding sub-
problem bounded. In our unrolled architecture, however, the subproblem will
be solved by projected subgradient iterations, and hence the efficiency of the
projection step is important. The /5 ball, together with the linearized equal-
ity constraints, admits the simple closed-form projection in Proposition 1,
which makes it suitable for neural network unrolling. Other normalizations,
such as £, or £1, could also be used in principle, but they would lead to more
complicated projection steps.

The following lemma gives a sufficient condition under which the hinge
penalty is exact.

Lemma 1 (Exact hinge penalty) Given any feasible point y € C, denote cpin =
min; ;¢ ¢j. Under Assumptions 4 and 5, if

Cmin > LpkH, (3)
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where cpiy 18 selected independently of x, then problem (Pen) and (UFD-L2) have
the same set of global minimizers:

. T
min  Vfz(y) d
g, VW)

st. Vha(y)Td=0 (UFD-L2)

)

T .
Vorjly) d< =Mgyi(y), j=1,-- L

Proof For simplicity, define
p=Viey),  E:=Vha(y)',

and
aj = Vg ;(y), bji=—-Mgy j(y), j=1,-,L
Let T
ay
A= . b= (by, b))
a
Also define
D:={deR" | Ed=0, |d|2<1},
F:={deD | Adéb}:{deR"|Ed=O,Ad<b,||dH2<1},
and

F:={deR" | Bd=0, Ad<b}.
Since y € C, we have g(y) < 0, and hence
b= —Mgz(y) > 0.

Therefore 0 € F and 0 € F. In particular, both F and F are nonempty.
We first show that for every d € D,

dist(d, F) < sy [[(Ad = b) 4|1 (4)
Since d € D, we have Ed = 0. By Assumption 5, we have
dist(d, F) < kg (|1 Ed]l1 + [[(Ad = b)1[1) = rp ]| (Ad = b) 4[| (5)

Let d := Il;(d) be the Euclidean projection of d onto F. Since 0 € F, we have
I1=(0) = 0. By the nonexpansiveness of the projection onto a closed convex set,

F
ldll2 = T 5(d) =Tz 0)l2 < [ldllz < 1.

Thus d € F. Combining this with (5) proves (4).

Now define the violation of feasibility vector

T T T
r(d) = (Ad=b)y = ((af d=b)s, o+ (o d= b))
For any d € D, by (4), there exists d € F such that
ld —dll2 < kg lr(d)]ls- (6)

The penalized objective can be rewritten as

l l l
d(d) = pTd + Z c;j maX{ade, bj} = pTd + Z cjbj + Z c;jri(d). (7)
j=1 J=1 J=1
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Since d € F, we have r(d) = 0, and hence
l
o(d)=p'd+ Y c;b;. (8)
j=1
Subtracting (8) from (7), we obtain

l
O(d) —0(d) =p' (d—d)+ Y cjrj(d). (9)
j=1

By Assumption 4, we have the following uniform bound for all z,y:

pll2 = IV fz(w)ll2 < Ly
Thus, using (6), we get

T _ _
p (d—d) = —|pll2lld —dll2 = —Lrg|r(d)|:. (10)

Moreover, we have

l
> ejri(d) = eminllr(d)]1- (11)

j=1
Combining (9), (10), and (11), we get

®(d) — @(d) > (emin — Lrm)llr(d)]1-
Since epin > Lykg, it follows that

o(d) > @(d)
whenever r(d) # 0, i.e., whenever d ¢ F.
Now let d* be a global minimizer of (Pen). If d* ¢ F, then r(d*) # 0. By the
argument above, there exists d* € F C D such that
O(d*) > o(d¥),

which contradicts the global optimality of d* for (Pen). Therefore, every global min-
imizer of (Pen) belongs to F. Furthermore, suppose d* is not a global minimizer of
(UFD-L2), there would exist d € F such that

pch < pTd*.
Since both d and d* belong to F, we have

l l
Q)((j) = pTJ+ Z Cjbj < pTd* + Z Cjbj = q)(d*),
j=1 j=1
contradicting the global optimality of d* for (Pen). Therefore every global minimizer
of (Pen) is a global minimizer of (UFD-L2).
Conversely, let d* be a global minimizer of (UFD-L2). For any d € D, there are

two cases.
If d € F, then we have

l l
Od)=p d+> cibj=p d + > cjbj = B(dY).
j=1 j=1
If d ¢ F, then by the preceding argument there exists d € F' such that

o(d) > (d).
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Since d* minimizes pTd over F, we have

l l
Od)=p d+ Y cibj>p d*+ Y cjbj = B(d").
j=1 j=1
Therefore ®(d) > ®(d*) for all d € D, and hence d* is also a global minimizer of
(Pen).
Consequently, (Pen) and (UFD-L2) have the same set of global minimizers. This
completes the proof. |

In the practical implementation, we use the following safeguarded adaptive

weights:

VAW
€ — %ng,j(yy ’
where cg > 0, ¢c; > 0, and € > 0. The constant term ¢y prevents the penalty
parameter from vanishing, while the adaptive term assigns larger weights to
nearly active constraints and thereby encourages the learned direction to sat-
isfy the corresponding linearized inequalities more accurately. When a certified
upper bound for Lskg is available, one may choose ¢y > Lyry to satisfy the
condition in Lemma 1. Otherwise, the above formula should be viewed as a
practical safeguarded weighting strategy.

cj=c¢co+cC1 A (12)

Proposition 1 Let H € R™*™ denote the matriz formed by the gradients of the
equality constraints

H = [Vhe1(y) - Vham(y)].
Then, under Assumption 2, the expression for the projection onto D is given by

d il <1, ) o
P {d/Hde otherwise, CC ( ) (13)

Proof Given any vector d € R™, we aim to compute its projection onto D, i.e., solve
the following problem:
. 1 / 2 / T o
min —||d —d st. ||d|le <1, H d =0.
pin ld = d3 st [z
Under Assumption 2, the columns of H are linearly independent, which implies

that H ' H is invertible. Now we derive the KKT conditions for this problem from
the Lagrangian

1 T T
£(d Ap) = Glld —dlz+ A H d + p(ld |5 - 1),

where A € R™ and p > 0 are the Lagrange multipliers.
Taking the gradient with respect to d’ and setting it to zero gives:

d—d+Hx+2ud =0 = (1+2u)d +Hx=d.
Since H'd' = 0, we have

H'HN=(1+2u)H d +H HN=H'd = X=(H H) 'H"d
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We consider two cases: Case 1: If u = 0, then the projection is
d=d—Hx=d-HH H) 'H'd=d.
Case 2: If > 0, then we have ||d’|| = 1 and
(14+2u)2 =1 +2w)2d) d =d—HN " (d—HN =d"d=||d*
Hence, the projection is:

1
T 142p

d (d - H(HTH)*lHTd) =g

d

Consequently, the procedure of the projected subgradient method for
solving this problem is as follows:

dir1 = P(dr — veug), (14)

where v, > 0 is the step size and P is the projection operator defined in (13).
Let 1., denote the indicator function, the subgradient term uy is given by

!
up = Vf(y) + ZCj1{<dk,v_qz,j(y)>>—Mgm,j(y)}ng,j(y)- (15)

j=1

Note that in many practical problems, the matrix H is fixed across
instances or does not change frequently. In such cases, the projection in
(13) can be precomputed, making the computational cost manageable. Exam-
ples include decision-focused learning setups, where the equality constraints
remain constant across instances [34]. In other problems, the equality con-
straints are simple, allowing the projection to be computed efficiently; for
instance, in classical portfolio optimization[19], the budget constraint enables
a straightforward projection.

4.2 Design of Descent Module

Directly solving problem (Pen) using the projected subgradient method usually
results in slow convergence, due to the use of diminishing step size. To address
this, we propose Descent-Module, which is designed by unrolling the projected
subgradient algorithm. In our proposed network architecture, each layer takes
the form of one iteration of the projected (sub)gradient method,

div1 = P(d — T (ur)). (16)

The key difference is that we apply learnable modules 7% to the subgradient
term uy, and the definition of T* is given as follows:

T*(uy,) = VFReLU (W*uy, + bf) + bf, (17)
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where WF € R7*" V# ¢ R"*7 and b¥ € R?, b5 € R™ are the weight matrix
and bias that we need to learn and ReLU(z) = max(z,0). The design of
the operator T follows the work in [39], which demonstrates that such an
architecture has strong universal approximation capabilities.

The step size i is also set as a learnable parameter, which avoids the need
for manual tuning, and we provide in Appendix E the learned values of ~
across different layers in our experiments.

The architectures of the Descent Module are illustrated in Figure 1. Each
Descent Module consists of K Descent Layers sharing the same architecture
and the input to the first layer is chosen as dy = —V f.(y).

Descent Layer X K

Gradient information:
Vfe(¥), Vhe,i(y), Vs,i(y)
Initial: dy = -V 2 (y)

Output: d¥

dii1 = P(dx — T" (uy))

Fig. 1 Overall structure of the Descent Module

Theorem 1 (Representability of projected subgradient iterations) Let d* be an
optimal solution of Problem (Pen), and let g denote its objective function. For anye >
0, there exists a K-layer Descent-Module with a parameter assignment independent
of the particular instance x within the considered problem class, where K < C/a2
for some constant C > 0, such that the module reproduces the first K projected
subgradient iterates for Problem (Pen). Consequently, at least one intermediate layer
output di,, 1 < k < K, salisfies

g(dy) —g(d") <e.

The proof of Theorem 1 relies on two technical lemmas, which we present
below before giving the full argument.

Lemma 2 For any ¢ > 0, there exists a constant C > 0 such that if we set K =
1

and choose the step size in (14) as v, = TR’ then

i di) —g(d") <,
132%9( k) —g(d") <e

C
ez
where d* denotes the optimal solution of Problem (Pen) and g denote its objective

function.

This lemma is a direct consequence of the classical convergence theory of
the projected subgradient method, and we therefore omit its proof.
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Lemma 3 Assume that the hidden width satisfies ¢ > n. Given the sequence of
iterates {dfmj,-~ ,dfgoj} generated by the projected subgradient method (14) with
initial input dg, there exists a K-layer Descent Module with a specific parameter
assignment that, starting from the same initial input do, it produces the same iterative
sequence, i.e., dj, = dzmj forall1<k<K.

Proof Tt suffices to show that there exists a set of parameters such that T%(uy,) = u,
for all 1 < k < K, where uy, is defined in (15).

Let W* € R9%™ be a full column rank matrix , so its left pseudo-inverse

(WHF)T € R4 exists and satisfies (WF)TWF = 1,,.
By Assumption 4 and the definition of uy, we have

l
lugllz < IV Ee@)l2 + D _lejl - V- [Vga; ()|
j=1

S IVFa()ll2 + max(e;) - vn- Vg2 (y)lh
<V z(y)ll2 + mjaX(Cj) n- [[Vgz (y)ll2
< Ly +max(cj) -n- Ly

J

Then, we have

W urlloo <IWFuplla < IWF2U, - with U= Ly +max(e;) -n - Lg.

Let L := ||Wk|\2U and set b = L1, where 1, denotes the ¢g-dimensional vector with

all entries equal to one. Then every coordinate of Wkuk + b’f is nonnegative, and
hence

ReLU(W¥uy + bF) = Whuy, 4 b}
Now, let the second layer weight be V¥ = (W¥)! and the second bias be
by = —(WFk)Tb¥. Then we have:
T%(u;,) = VF . ReLU(WFuy, + b¥) + bs = (WF)T(WFu,, + bF) — (W*)Tb¥ = u,,.
This completes the proof. O
We now proceed to prove Theorem 1.
Proof By Lemma 2, choose K < C/e? such that

in_g(d¥ ) - g(d*) <e.
1&%%9(’“ )—g(d") <e

Let .
ke € arg min dPToN.
3 glgkgKg( k )

By Lemma 3, there exists a K-layer Descent-Module whose layer outputs satisfy
dy, = diroj for all 1 < k < K. Therefore,

g(dy,) — g(d*) = g(d™) — g(d*) <e.

Thus at least one intermediate layer output satisfies the desired bound. O

13
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Theorem 1 establishes a theoretical connection between the Descent-
Module and the classical projected subgradient method. Specifically, it shows
that the Descent-Module is sufficiently expressive to reproduce the projected
subgradient iterations for solving the penalized subproblem. This result should
be interpreted as a representational guarantee rather than an explanation of
the empirical performance gains of the trained model. In practice, the train-
able parameters are learned from data and may produce more efficient update
patterns than explicitly mimicking the classical projected subgradient method.

4.3 Step size

After obtaining the descent direction d from the Descent module, we still need
to determine a suitable step size. We assume that all constraints are linear.
Since the Descent module contains the projection operator P, the final descent
direction d produced by Descent module is orthogonal to the gradients of the
equality constraints. Therefore, updating along d will not violate the equality
constraints.

We only need to ensure that the step size is not too large to violate the
inequality constraints. For each linear inequality constraint g, ;, we have:

9o iy +ad) = go 5 (y) + - (d, Ve ;(y)).

If (d,Vgs,;(y)) > 0, updating the solution along d will increase g, ;. To pre-
serve the feasibility of the inequality constraint, i.e., g, ;(y + ad) < 0, the step
size a must satisfy

—Yz,j (y)
<d7 Vga:,j (y)> .
Therefore, the maximum allowable step size is given by

a <

Qmax = TiN —Jx,j (y)

jeT <d, ngJ(y»’ where 7 = {] | <d’ Vga:7j(y)> > O} (18)
Note that if I = (), then no inequality constraint increases along d, and we set
Qmax = 1/M. To encourage objective decrease while preserving feasibility, the
step size a should also satisfy f.(y + ad) < f.(y). We introduce a learnable
parameter 8 € R and use the sigmoid function o(-) to map it into (0,1). We
then use this factor to scale auax, and the final update rule for y is

Y = y°M + 5(8) max - d. (19)

In addition, if the descent direction d obtained from the Descent-Net is the
optimal solution of Problem (Pen), Lemma 1 ensures that a fixed step size of
a = 1/M is feasible. However, we found that such a fixed step size does not
perform well in practice, and in the appendix C we provide a comparison of
different step-size selection strategies.
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4.4 Descent-Net

Our Descent-Net consists of S Descent Modules. The input of the network is
an initial feasible solution yo of Problem (1). At each stage, the s-th module
takes the gradient information at the current iterate y, and outputs a descent
direction dg, which is then used to update the solution to ys41 according to
the update rule (19). By repeatedly updating the solution in this manner,
the network finally produces a high-accuracy feasible solution ys. The overall
procedure of the proposed method is summarized in Algorithm 1.

Algorithm 1 Descent-Net
1: Input: initial feasible point yo € C, S modules and K layers in each
module.
2: Learnable parameters: O, := {V¥ W% b _ b i }r—o1,.. k-1 for
s=0,---,8—1, together with {8s}s=0,... 5-1-

3: fors=0,1,---,5—1do

4: do = =V fu(ys)

5: for k=0,--- , K —1do

6: We = VEa(s) + 3ot 610 Far s (0)) >~ M s ()} V5 (Ys)

7: dp+1 =P (d;C — ’yk7STSk(uk)), where P is defined in (13) and T¥ is
defined in (17) with parameters {V%, W¥ b b }

8: end for

9: Ys+1 = Ys + 0(Bs) - asdi as defined by (19), where a; is obtained by
(18).

10: end for

11: Train the parameters with loss: €,(y) = fz(y) + Agl|ReLU(g2(y))|1 +

12: Qutput: ys.

We briefly analyze the model complexity in terms of parameter size and
computational cost. The total number of learnable parameters is determined
by (n,q, S, K), since each Descent-Module contains matrix parameters of size
n X q and ¢ X n, repeated over K layers and S modules. For computational
cost, both training and inference are dominated by matrix multiplications.
In each Descent-Module, the main operations consist of multiplying an n-
dimensional vector by an n x ¢ matrix and then by a ¢ x n matrix, leading to
a complexity of O(ng) per module. Over S modules and K layers, the overall
computational cost is O(SKngq) for both training and inference. In practice,
q is typically chosen as a constant multiple of n, while S and K are small
constants. Therefore, the overall complexity scales quadratically with n, i.e.,
O(n?) under typical configurations.

We emphasize that the following result is an existence statement for
an idealized parameterization of the proposed architecture. The convergence
guarantee is inherited from the idealized UFD-penalty method with exact sub-
problem solutions, whereas the role of Descent-Net is to show that the proposed
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Descent module S

Descent module 1

p Input: ( \ (
Data: initial solution y1 = yo — (Bo)aodo ]—» %Mys =yYs-1— U(ﬁsfl)asfldsle Output: ys ‘

Yo

Fig. 2 Architecture of the entire network.

architecture has sufficient representational capacity to reproduce this idealized
procedure.

Theorem 2 (Existence of an Idealized Descent-Net Parameterization) Suppose
Assumptions 1-5 hold. In addition, assume that hy and gy are linear and that V fz is
Lipschitz continuous on the relevant sublevel set. Let the penalty parameters satisfy
the condition in Lemma 1, namely cynin > Lykg. Given an initial feasible solu-
tion yo of problem (1), the idealized UFD-penalty method with exact solutions of the
direction-finding subproblems gemerates a sequence whose every accumulation point
satisfies the KKT conditions of problem (1). Moreover, on any finite horizon, the
Descent-Net architecture can reproduce the corresponding finite projected-subgradient
implementation of the UFD-penalty method under a suitable parameter assignment.

To prove Theorem 2, we require several technical definitions and lemmas,
which we present below before proceeding to the proof.

Definition 1 (Fritz—John point) Let y € R™ be a feasible point for the problem

min f(y) s.t. hi(y) =0, g;(y) <O.

Then y is called a Fritz—John point if there exist multipliers A\g > 0, A\; > 0 for
j=1,---,l,and p; € R for i =1,---,m, not all zero, such that
l m
MV + > AVi(y) + D niVhi(y) =0,
j=1 i=1

Definition 2 (KKT point) A feasible point y € R is called a Karush—Kuhn—Tucker
(KKT) point if there exist multipliers A; > 0 and p; € R such that

l m
VW) + Y AVeiw) + > uiVhi(y) =0,
=1 i=1

If the LICQ condition holds at 7, then the Fritz-John point is also a KKT
point.
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Lemma 4 (Farkas Lemma with equality constraints) Let A € R"™*™ B RP*™,
and b € R™.
Then ezxactly one of the following two systems has a solution:

(a) There exists x € R™ such that
Az <b, Bx=0.
(b) There exists (A, u) € R™ x RP, not both zero, such that
A>0, A'A+BTu=0 ATb<o.

Moreover, both systems cannot be simultaneously feasible.

We now show that the problem (UFD-L2) has negative value if y is not a
Fritz-John point.

Lemma 5 (Descent direction under failure of Fritz—John) Let § € C be a feasible
point. Suppose that the set of vectors

l

m
v=20Vfo(@) + D NV @) + D> miVhi(@) | Ao 20, \j =0, (Ap) #0, Xjg; () =0
j=1 i=1

does not contain the zero vector. That is, y is not a Fritz—John point.
Then there exists a vector d € R™ such that:

* Vhe(y)Td=0,

o Vfz(y) d<0,

e Vg;(5)Td < —Mg;(g) forallj=1,--- 1,
° |ldll2 < 1.

Proof Let H := [Vh1(§), -, Vhm(7)] € R"*™, and define the subspace of directions
satisfying the linearised equality constraints:

T::{deR"|HTd:O}.

Let A € RUFDXM 1o the matrix whose rows are:

Vfx(m) " 0

Vo1 (y) " —Mg1(y)
A= : , b:= .

Vgl@)T _Mgl(g)

Then we consider the system:
Ad < b, subject to H'd=0.

Since g is not a Fritz—John point, the system of equalities

MV (@) + Y AV (@) + D niVhi() =0 with Ao >0, A; > 0, 1; not all zero,
7 [

17
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has no solution satisfying the complementarity condition A;g;(y) = 0.
Therefore, by the Farkas Lemma 4, the dual system:

find d € T such that Ad <b
is feasible.
Because A,b are fixed and b; = —Mg;(y) > 0, which is finite for all j =1,---,1,
and 7 is a linear subspace, the feasible set is convex and open in 7. We can scale d

such that ||d||2 < 1.
Hence, such a direction d exists satisfying the claimed conditions. (|

By Lemma 1 and Theorem 1, to establish Theorem 2 it suffices to show that
if the following algorithm—constructed from the subproblem (Pen)—converges
to a KKT point. We therefore begin by analyzing the convergence of the
algorithm stated below.

Algorithm (UFD-penalty method).

Given a feasible starting point yg € C, repeat for k =0,1,---
1. With the condition (3) holds, solve the sub—problem (Pen) at the current
iterate y; and obtain a minimizer dy.
2. Update yrt1 = yi + ardy, where oy, := arg ming{ fz(yx + ady) | a €
[0,1/M]}, (Lemma 1 implies yx41 € C)
We have the following result, which is similar to the Topkis—Veinott method
20, 45].

Theorem 3 (global convergence of the UFD—Lo method) Suppose Assumptions 1,2,
4,5 hold. Furthermore, we assume that the gradient V fx(y) is L—Lipschitz continu-
ous, hg, gz are linear, and the penalty parameters satisfy cyin > Lykpg. Then every
accumulation point of {yi} is a Fritz—John point of (1). Assume in addition that
Assumption 3 holds, then every accumulation point is a KKT point.

Proof (i) Feasibility and boundedness. The proof of Lemma 1 shows that every
dy, satisfies Vg;(yx)' dy < —Mg;(yp), hence g;(yrt1) = gj(yx) +aVg;j(yx) ' di <0,
where a € [0,1/M]. Equality constraints are preserved by th(yk)—rdk = 0, so
yr+1 € C. Because {y € C | fz(y) < fz(yo)} is bounded, {y;} is bounded and admits
convergent subsequences.

(ii) every accumulation point is a Fritz—John point.

Let § be an accumulation point of {y;}, extracted from a subsequence {yy_}.
Suppose, for contradiction, that g is not a Fritz—John point.

Then, by Lemma 5, there exist z < 0 and a direction d € R™ satisfying:

Idl2 <1, Vhe(3)'d=0, Vfu(§)'d<z<0, Vg;(7) d< Mg+ =

Since all the above inequalities are strict and the number of constraints is finite,
there exists a constant p > 0 such that

Vi) d < —p,
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and
N T _ .
Vou (@) d+ Mgy j(§) < —p, =11
By the continuity of Vfz, Vg, j, and g ;, for all sufficiently large s,
T
Vfe(yr,) d< fg,
and ,
T .
Vrj(k) d+Mgej(yr,) <=5, G=1- L

Equivalently,
T .
Ve, iWr,) d<—Mgg ;(yr,) — g < —Mgg i (yk.)s j=1,-- L
Moreover, since hg is linear and
Vha(y) ' d =0,
we have
Vha(yp,) d=0.
Therefore, for all sufficiently large s, d is feasible for the UFD-L2 subproblem at yj, .
Let dj,, be an optimal solution of the UFD-L2 subproblem at y;,_, and set
T
zs = Viz(yr,) dg,-

By the optimality of dj,_, we obtain

25 = Via(yp,)  dp, < Vialyr,) d< —g <0.

Since V fz is L-Lipschitz continuous and ||dj, [|2 < 1, for any a € [0,1/M], we have

L
Jolyp, +ady,) < faly,) + oV fa(y,) Tdi, + 5062-

Using zs = V fz (yks)—rdks < —p/2, we obtain

L
fa(yp, +adi,) < folyr,) — ga + §6¥2~

G = min L r
“= M’ 2L

when L > 0. If L =0, choose any fixed a € (0,1/M]. Then there exists a constant
n > 0, independent of s, such that
fo(yr, +ady,) < fa(yg,) —n-

Since ay,, is chosen by exact line search over [0,1/M], it follows that

Jo(Wk,+1) < folyp, +ady,) < fz(yr,) —n

On the other hand, {fz(yg)} is nonincreasing and bounded below on the bounded
sublevel set in Assumption 1, and hence it converges. Therefore both {fz(yi,)} and
{f(yg,+1)} converge to the same limit, which contradicts the inequality above.
Hence every accumulation point § must be a Fritz—John point.

(iii) LICQ = KKT. Under LICQ the Fritz—John multipliers have Ay > 0, so
the KKT system holds at . |

Choose

19
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5 Experiment

We evaluate our Descent-Net on three types of problems: convex quadratic pro-
grams, a simple class of non-convex optimization problems, and the AC optimal
power flow (AC-OPF) problem. To further evaluate the scalability of our
method and to demonstrate its performance on a practical real-world instance
of quadratic programming, we additionally include a large-scale portfolio
optimization task. Detailed experimental settings are provided in Appendix A.

5.1 Baselines and Evaluation Criteria

We compare our method against several benchmarks, including:

¢ Optimizer: Traditional solvers include 0SQP [33] and gpth [2] for con-
vex QPs; the GPU-accelerated HPR-QP [11] and CuClarabel [15], both of
which are executed on an H100 GPU in our experiments; IPOPT [36] for
general non-convex problems; and the PYPOWER solver, a Python port of
MATPOWER. [44], for AC-OPF.

e DC3[18]: The full DC3 framework that combines both completion and
correction operators.

® Projection method:Trains an MLP and projects its output onto the
feasible set. For problems with linear constraints (convex QP and simple
non-convex cases), the projection is solved using OptNet [2]. For the AC-
OPF problem, the projection follows the differentiable solver of [10].

¢ Warm start: The infeasible NN prediction is directly used as the warm-
start for the optimizer of [10], following the warm-starting schemes of [16]
and [5].

e CBWF[38]: Inspired by the classical active set method, this approach
explores the boundaries around inequality constraints and updates the
initial solution to obtain a better objective value.

® DeepOPF-V|[26]: a supervised learning approach for solving AC-OPF
problems. It trains a fully connected neural network using optimal solu-
tions as labels to predict bus voltage magnitudes, and then reconstructs
generator dispatch through power flow equations and a post-processing
step to enforce operational constraints.

¢ DeepOPF-NGT[25]: an unsupervised learning method for AC-OPF. It
minimizes a loss function consisting of the objective value and constraint
violations, and predicts bus voltages from which all remaining variables
are recovered using power flow equations.

Other approaches reported in the literature, such as simple neural network
models trained with penalty functions, are not included due to poor constraint
satisfaction.

The performance of all methods is assessed according to the following

criteria:

® Feasibility: measured by the average constraint violation of
both equality and inequality constraints, ie., -3 |hy;(y)| and

Iy ReLU (ga,())-
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¢ Optimality: measured by the average relative and absolute errors (in the
¢1 norm) for both the solution and the objective value, where the optimal
solution is approximated by optimizer.

e Efficiency: the computational time. The Init term denotes the initial-
ization time required to construct a feasible starting point. The Refine
term corresponds to the additional time spent on iterative refinement
steps after initialization. For neural network-based methods, we report
the batched inference time Batched inf. For classical solvers, we report
the single-instance runtime Per-inst. We do not convert batched time
to per-instance time for neural networks, since it does not correspond to
the runtime of processing a single instance independently due to different
execution behavior. For classical solvers, scaling by batch size is also not
meaningful since they can be executed in parallel across instances using
multiple CPUs.

For neural network-based methods, the model is trained once per problem
setting and reused across many instances from the same distribution, making
the training cost a one-time overhead that can be amortized over repeated
use. Although this cost is not negligible, it does not affect the per-instance
inference efficiency reported in the experimental results, and the proposed
method remains computationally advantageous in terms of overall runtime due
to its significantly faster inference.

5.2 Convex quadratic programs

We first consider convex QPs with quadratic objectives and linear constraints:

1
min ~y' Qy+p'y, st Ay=x Gy<h, (20)
yeRn 2

where Q € R"*" =0, p € R", A € R"*" G € R"inea*” and h € R™ineq are
fixed. The input € R™es varies across problem instances, and the goal is to
approximate the optimal y given z.

We generated 10000 instances of x for three problem sizes, n = 100, n =
1000, and n = 5000. For all settings, Descent-Net uses the solutions produced
by the DC3 model as its initial points. For n = 100, the experimental results
are summarized in Table 1, and the final solutions obtained by Descent-Net
attain a relative objective error of 3.1 x 107%.

For the larger scales n = 1000 and n = 5000, the corresponding results are
presented in Table 2 and Table 3, respectively. Descent-Net achieves relative
objective errors of 5.8 x 1072 for n = 1000 and 3.2 x 103 for n = 5000.
The lower accuracy compared to the n = 100 case can be attributed to the
fact that the matrices have condition numbers on the order of n?, causing the
underlying solution map to become increasingly ill-conditioned as n grows and
thus making the approximation task more challenging for the neural network.

21
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Table 1 Results on the convex QP task evaluated on the test set with 833 samples, with
problem dimension n = 100, neq = 50, and nneq = 50. The reported runtime corresponds
to the average time to process one batch, where the batch size is 833.

Method ineq. vio. eq. vio. sol. rel. err. obj. rel. err.  Init. (s) Refine. (s) Batched inf. (s) Per-inst. (s)
0SQP 0.0000  0.0000 0.0 0.0 0.0028
HPR-QP 0.0000  0.0000 23x107%  63x107° 0.1080
CuClarabel 0.0000  0.0000 1.6x1073  1.8x107° 0.0539
qpth 0.0000  0.0000 24x107% 4.7x107%0 1.7593
Projection method 0.0000 0.0000 32x1072 8.4 x 10~ * 0.2124

CBWF 0.0000  0.0000 21x10"'  66x1072  0.0036 0.0330 0.0366

DC3 0.0000  0.0000 52x1071  4.2x1071 0.0036

Descent-Net 0.0000  0.0000 12x1072 31x107*  0.0036  0.0096 0.0132

Nonetheless, the speed advantage of Descent-Net becomes more pro-
nounced as the problem scale increases. For a fair comparison, we also include
HPR-QP fast and CuClarabel fast, where each solver is terminated once it
reaches the same accuracy level as Descent-Net (a relative objective error of
about 1073). Both methods require more time than Descent-Net to attain
this accuracy. For the largest-scale setting, Descent-Net processes a batch
of 8 instances in 0.0153 seconds, while OSQP requires 13.4609 seconds per
instance. This indicates a substantial throughput advantage, although the two
timings reflect different execution modes.

Table 2 Results on the convex QP task evaluated on the test set with 833 samples, with
problem dimension n = 1000, neq = 500, and n;neq = 500. The reported runtime
corresponds to the average time to process one batch, where the batch size is 32.

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.  Init. (s) Refine. (s) Batched inf. (s) Per-inst. (s)
0osQP 0.0000  0.0000 0.0 0.0 - - - 2.2174
HPR-QP 0.0000  0.0000 23x1076% 1.8x107? - - - 0.2710
HPR-QP fast 0.0008  0.0092 24x107%  1.1x1073 - - - 0.2191
CuClarabel 0.0000  0.0000 56x107%  3.0x1077 - - - 0.3822
CuClarabel fast ~ 0.0000  0.0000 38x1072  47x1073 - - - 0.2058
qpth 0.0000  0.0000 27x107% 9.7x10"! - - - 3.6681
DC3 0.0000  0.0000 9.5x 107" 1.1 - - 0.0036 -
Descent-Net 0.0000  0.0000 29x1072  58x107%  0.0036  0.0042 0.0078

Table 3 Results on the convex QP task evaluated on the test set with 833 samples, with
problem dimension n = 5000, neq = 500, and nineq = 500. The reported runtime
corresponds to the average time to process one batch, where the batch size is 8.

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err. Init. (s) Refine. (s) Batched inf. (s) Per-inst. (s)
0sQpP 0.0000  0.0000 0.0 0.0 - - - 13.4609
HPR-QP 0.0000  0.0000 58x107% 1.1x1071! - - - 0.9160
HPR-QP fast 0.1545 03811 87x107%  11x1073 0.5493
CuClarabel 0.0000  0.0000 61x107% 21x107? - - - 0.468 1
CuClarabel fast ~ 0.0000  0.0000 1.3x1072 14x1073 - - - 0.3072
DC3 0.0000  0.0000 9.8x107'  92x107! 0.0038

Descent-Net 0.0000  0.0000 17x1072  32x1073  0.0038 0.0115 0.0153 -

In addition, to further illustrate the effectiveness of Descent-Module, we
examine the error between the descent direction d and the optimal solution
of its corresponding subproblem (Pen). The experimental results are provided
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in appendix D. We also compare Descent-Module with the original projected
subgradient method, and the results are reported in appendix F.

5.3 Simple non-convex optimization

We now examine a simple non-convex adaptation of the quadratic program

1
m]iRn §yTQy +p'sin(y), st. Ay =z, Gy < h, (21)
yeR™

where sin(y) represents the component-wise application of the sine function
to the vector y. Compared to problem (20), the only difference is that y in
the objective function is replaced with sin(y), which makes the problem non-
convex.

The experimental results are presented in Table 4. The initial solutions
use those from DC3, and the final solutions produced by Descent-Net achieve
a relative objective error of 2.3 x 10™%. Moreover, Descent-Net processes one
batch in 0.0145 seconds, while IPOPT requires 0.3364 seconds to solve a
single instance, indicating a substantial runtime advantage under the reported
evaluation protocol.

Table 4 Results on the simple non-convex task evaluated on the test set with 833
samples, with problem dimension n = 100, neq = 50, and nineq = 50. The reported
runtime corresponds to the average time to process one batch, where the batch size is 833.

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.  Init. (s) Refine. (s) Batched inf. (s) Per-inst. (s)
IPOPT 0.0000  0.0000 0.0 0.0 - - - 0.3364
Projection method ~ 0.0000  0.0000 54x1072  1.8x107% - - 0.2472 -
CBWF 0.0000  0.0000 26x10"' 55x1072  0.0025 0.0339 0.0364 -
DC3 0.0000  0.0000 44x107'  31x107t - - 0.0025 -
Descent-Net 0.0000  0.0000 15x1072 23x10~*  0.0025 0.0120 0.0145 -

5.4 Portfolio optimization

A widely applicable instance of quadratic programming in real-world settings is
the mean-variance portfolio optimization problem. The objective is to minimize
portfolio risk while satisfying practical portfolio allocation constraints:

m%l w'tw st w'l= 1, WT,U Z Tmin, W 2 0, (22)
weR™?

where w denotes asset weights, 3 € R™*"™ is the covariance matrix, u € R™ is
the expected return vector, and r;, is the minimum return requirement.

We conduct portfolio optimization experiments with n = 100, n = 800,
and n = 4000 assets to evaluate the practical effectiveness and scalability of
our method. For each problem size, we generate 10000 synthetic benchmark
instances and use the equal-weighted portfolio w; = 1/n as the initial solution.
It is worth noting that this choice of initialization does not guarantee feasibility

23



24 Descent-Net: Learning Descent Directions for Linearly Constrained Optimization

in general; however, under our experimental setup, due to the specific data
generation procedure described in Appendix A, the feasibility rate is 100%.
Descent-Net is compared against the solver 0SQP and DC3, with the combined
numerical results summarized in Table 5.

Table 5 Results on the portfolio optimization task evaluated on the test set with 1000
samples. The reported runtime corresponds to the average runtime for a batch of
instances, with batch sizes of 512, 100, and 10 for problem sizes n = 100, n = 800, and
n = 4000, respectively.

Number of assets n = 100

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.  Batched inf. (s) Per-inst. (s)
0SQP 0.0000  0.0000 0.0 0.0 - 0.0015
HPR-QP 0.0000  0.0000 69x107% 1.1x1077 - 0.0645
CuClarabel 0.0000  0.0000 11x107° 4.0x107° 0.0407
DC3 0.0000  0.0000 2.8 5.4 x 10! 0.0125

Descent-Net ~ 0.0000  0.0000 14x10"% 49x1076 0.0019 -

Number of assets n = 800

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.  Batched inf. (s) Per-inst. (s)
0SQP 0.0000  0.0000 0.0 0.0 - 0.0207
HPR-QP 0.0000  0.0000 50x107% 6.2x1078 - 0.1683
CuClarabel ~ 0.0000  0.0000 54x107°  4.0x1078 - 0.1168
Descent-Net ~ 0.0000  0.0000 9.3x10"% 7.3x107¢ 0.0019 -

Number of assets n = 4000

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.  Batched inf. (s)  Per-inst. (s)
0osQP 0.0000 0.0000 0.0 0.0 - 0.602 4
HPR-QP 0.0000 0.0000 1.6x107° 22x1076 - 0.3676
CuClarabel 0.0000 0.0000 4.2x107° 2.2x1076 - 0.5232
Descent-Net  0.0000  0.0000 1.6x10"% 12x107¢ 0.0044 -

We find that DC3 fails to produce feasible solutions for n = 800 and n =
4000 because its training diverges. This is likely due to DC3’s reliance on
gradient steps, which are used to enforce inequality constraints, but whose
step sizes and momentum decay parameters are difficult to tune for large-scale
settings. We performed a grid search over approximately 100 configurations
of step sizes and momentum decay parameters. However, even for the best-
performing configuration, DC3 still yields large constraint violations, with the
average inequality violation remaining at approximately 1.16 x 102. In contrast,
Descent-Net remains accurate and highly efficient across all problem sizes.

As shown, Descent-Net achieves lower runtimes while maintaining objective
errors on the order of 107%. The runtime comparison indicates a clear advan-
tage of Descent-Net under the reported batched-inference setting, especially
for large-scale instances..
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5.5 AC-OPF

The objective of the AC optimal power flow (AC-OPF) problem is to determine
the optimal power generation that balances supply and demand while satis-
fying both physical laws and operational constraints of the network. Unlike
the linearly constrained problems considered in our theoretical analysis, AC-
OPF involves nonlinear constraints, and therefore the convergence results in
Section 4 do not directly apply to this setting. Nevertheless, as shown in the fol-
lowing experiments, Descent-Net still achieves strong empirical performance,
demonstrating its potential to generalize beyond the current theoretical scope.
A compact formulation of the AC-OPF problem is as follows:

. T T
min p, Qp, +b' p
pgER™, g4 €R™, vEC 9 g g

min max min max min max

S t pg < pg < pg b qg < Qg < Qg K UnL < |U| < an b
min max — —\= max
vt < Lvp — Ly < o™, |ui(T = U5)wig| < S

(pg — pa) + (g9 — qa)i = diag(v)W .
(23)
Here, pq,qq € R™ denote the active and reactive power demands, and py, g4 €
R™ are the corresponding power generations. The complex bus voltage is rep-
resented by v € C". The nodal admittance matrix W € C"*" encodes the
network topology.

Since the equality constraints in this problem are nonlinear, a first-order
approximation is not very accurate. As a result, even if the descent direction
d is orthogonal to the gradients of all equality constraints, the updated point
may still fail to satisfy them. To address this issue, we adopt an equation
completion approach, and the details are provided in the appendix G.

We conduct experiments on two AC-OPF problem instances of different
scales. Besides D-Proj (i.e., DC3), we use H-Proj [28] as another initializa-
tion strategy, and denote the corresponding solutions by y” and yf. D-Proj
originally reduces violations of inequality constraints by performing a gradi-
ent descent step on the ¢5 norm of constraint violations. In our experiments,
we found that this gradient step is time-consuming and, in practice, often
unnecessary. Therefore, we introduce an improved variant of D-Proj by remov-
ing the gradient-descent step. This modification significantly reduces the
computational time while maintaining comparable satisfaction of the inequal-
ity constraints. The optimized initialization obtained using this approach is
denoted by yP".

The results in Table 6 indicate that Descent-Net produces solutions with
relative objective errors on the order of 10™% across all cases, outperforming
all neural network—based solvers in accuracy. Moreover, compared with the
standard solver PYPOWER, it achieves substantially faster inference on both test
systems. On the 30-bus system, Descent-Net processes one batch in 0.043 4 sec-
onds, whereas PYPOWER requires 0.289 0 seconds for a single instance. Under



26 Descent-Net: Learning Descent Directions for Linearly Constrained Optimization

this batch-versus-single-instance comparison, this corresponds to approxi-
mately a 6.7-fold runtime advantage. On the 118-bus system, Descent-Net
requires 0.1622 seconds to process a batch of instances, while PYPOWER
requires 0.642 3 seconds for a single instance, corresponding to approximately
4 times speedup. The relative error of the solution obtained by Descent-Net
decreases only marginally compared to the initial point, which may be due to
the non-convex nature of the AC-OPF problem.

Table 6 Results on the AC-OPF task evaluated on the test set with 1024 samples. The
runtime corresponds to the time required to process one batch with a batch size of 1024.

30-bus system: neq = 60, nineq = 84

Method ineq. vio. eq.vio. sol. rel. err.  obj. rel. err.  Init. (s) Refine. (s) Batched inf. (s) Per-inst. (s)
PYPOWER 0.0000  0.0000 0.0 0.0 0.2890
Projection method 0.0000 0.0000 5.6 x 1073 17x1072 - - 0.0393 -
Warm start 0.0000  0.0000 55x107%  1.7x1072 - - 0.0397 -
DeepOPF-V 0.0003  0.0038 3.0x107% 14x1072 0.009 1

DeepOPF-NGT 0.0000  0.0107 31x1072 1.9x107" - - 4.2906 -
D-Proj 0.0000  0.0000 59x107% 1.9x1072 0.2442

H-Proj 0.0000  0.0000 58x107%  1.7x1072 - - 0.2865 -
Descent-Net (yo = y”) 0.0000  0.0000 42x107%  3.6x107%  0.2442 0.0177 0.2619 -
Descent-Net (yo =y)  0.0000 00000 35x107% 33x107*  0.2865 0.0174 0.3039 -
Descent-Net (yo =y ) 00000 0.0000 36x10"2 28x10~*  0.0140 0.0294 0.0434 -

118-bus system: neq = 236, njpeq = 452

Method ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.  Init. (s) Refine. (s) Batched inf. (s) Per-inst. (s)
PYPOWER 0.0000  0.0000 0.0 0.0 - - - 0.6423
Projection method 0.0000 0.0000 1.5x 1072 24x107° 0.3040

Warm start 0.0000  0.0000 93x107%  1.8x1073 - - 0.3137 -
DeepOPF-V 0.0006  0.0087 6.1x107%  44x1073 - - 4.2750 -
DeepOPF-NGT 0.0000  0.0092 23x107'  1.7x107! - - 4.7013 -
D-Proj 0.0000  0.0000 1.3x1072  24x1073 - - 0.7542 -
H-Proj 0.0000  0.0000 14x1072  3.1x107% 0.6682

Descent-Net (yo = y7) 0.0000  0.0000 12x1072 25x107*  0.7542 0.1938 0.9480

Descent-Net (yo = y7) 0.0000  0.0000 14x1072 72x10"*  0.6682 0.1955 0.8637

Descent-Net (yo=y”)  0.0000 0.0000 22x107% 30x10"% 00155 0.146 7 0.1622 -

6 Conclusion

In this work, we presented Descent-Net, a neural architecture that incorporates
first-order optimality structure for solving linearly constrained optimization
problems, with the goal of improving the effectiveness of existing L20 meth-
ods. The model generalizes well across different types of instances, including
quadratic programs and simple non-convex variants of QPs. We also empir-
ically extend the framework to problems with nonlinear constraints such as
AC-OPF, where feasibility is handled through a heuristic equation completion
strategy. In our experiments, Descent-Net produces more accurate solutions
than prior L20 approaches while also offering faster inference compared to
classical solvers. Moreover, we demonstrate its scalability on large-scale QP
problems and portfolio optimization tasks with thousands of assets, highlight-
ing its potential for real-world applications. Future work includes extending
the framework to nonlinear constraints and using Descent-Net solutions as
warm starts for standard solvers to get high-accurate solutions.
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Appendix A Experiment setting

In all experiments, we set the penalty weights in the descent subproblem by
the heuristic rule (12), where ¢ = ¢; = 1 in all experiments and the other
parameters are given in Table A1l. This adaptive choice assigns larger weights
to nearly active constraints, since g, ;(y) close to zero leads to a smaller denom-
inator, thereby encouraging the learned direction to satisfy the corresponding
linearized inequality more accurately. The constant € > 0 is used for numerical
stability.

For the convex QPs and the simple non-convex problems, the parameters
are generated as follows. The matrix @ is constructed as Q = R R, where
R € R™™ has i.i.d. standard normal entries, ensuring that @) is symmetric
and positive semidefinite. The constraint matrices A and G are also sampled
with i.i.d. standard normal entries. For each instance, the components of x
are drawn i.i.d. from the uniform distribution on [—1,1]. To ensure that the
generated problem has a feasible solution, we set h; = j|(GAT)ij|, where At
denotes the Moore—Penrose pseudoinverse of A. For the AC-OPF experiments,
we use the datasets provided in [28].

For the portfolio optimization experiments, to model slowly evolving asset
co-movements, the covariance matrix is fixed across instances and constructed
as ¥ = R'R, where R € R™*" has i.i.d. standard normal entries. For each
instance, the expected return vector u is sampled independently from a uniform
distribution over [0, 1], and the return threshold 7, is drawn independently:
for training, rmin ~ Uniform[0.05,0.4], while for testing, rm, is taken as a
linearly spaced sequence over the same interval.

We summarize the hyperparameters used in our experiments in Table Al.
Below we briefly describe several important parameters:

® S: the number of update steps performed in our Descent Net.

e K: the number of layers within each Descent module, controlling the
expressive power of the network.

Ap: the penalty factor for equality constraint violations.
Ag: the penalty factor for inequality constraint violations.
q: the hidden dimension of operator T', which specifies the capacity of
feature transformation inside each descent step.
® M, e: parameters in ¢;j, which is defined in (12).

For the experiments other than portfolio optimization, we train the Descent
module using the Adam optimizer with an initial learning rate of 0.01. The
learning rate is reduced by a factor of 0.1 at epochs 50, 100, and 150. The
step-size parameter  is updated separately using the SGD optimizer with a
fixed learning rate of 0.01. In the AC-OPF experiments, we additionally clip
the gradient norm at a threshold of 1 to stabilize training, following [43].

In contrast, the portfolio optimization experiments adopt a different train-
ing configuration. Both the Descent module and the step size [ are optimized
using Adam. The initial learning rates are set to 1 x 10~3 for the Descent mod-
ule, and to 0.1, 0.1, and 0.01 for § in the n = 100, n = 800, and n = 4000
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Table A1 Hyperparameters used in different experiments

Problem Epochs S K A A q M €

QP (n=100) 150 8 3 5 5 300 1 0.0005
QP (n=1000) 300 5 1 5 5 3000 1 0.0005
QP (n=5000) 300 8 1 5 5 15000 1 0.0005
Non-convex 150 10 3 5 5 300 1 0.0005
AC-OPF (node=30) 300 3 3 5 5 120 1 0.0001
AC-OPF (node=118) 300 3 3 5 5 1080 1 0.0001
Portfolio (n=100) 300 3 1 5 5 800 1 0.0001
Portfolio (n=800) 300 2 1 5 5 1200 1 0.0001
Portfolio (n=4000) 300 2 1 5 5 6000 1 0.0001

settings, respectively. All learning rates decay by a factor of 0.1 at epochs 100,
150, and 200 over a total of 300 training epochs.

All experiments were conducted on a server equipped with two AMD EPYC
9754 CPUs (128 cores each, 3.1 GHz) and an NVIDIA H100 GPU.

Appendix B Effect of Layer number K and
Descent steps S

We conducted experiments on the convex quadratic program (20) to evaluate
the performance of Descent-Modules with different numbers of layers K. The
results are shown in Table B2. It can be seen that increasing K leads to a slight
improvement in performance, but the gains are not significant. Considering
computational efficiency, we ultimately choose K = 3 as the number of layers.

Table B2 Performance of Descent-Module with varying K

Layer ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.

0.0000 0.0000 9.8 x 1072 2.2 x 1072
0.0000 0.0000 9.3 x 1072 1.8 x 1072
0.0000 0.0000 9.2 x 1072 1.7 x 1072
0.0000 0.0000 8.9 x 1072 1.7 x 1072

xR =R
o

Il
W N =

With K fixed at 3, we further examined the effect of different Descent
steps S, as summarized in Table B3. When the number of update steps is 1,
Descent-Net already achieves a solution with a relative error on the order of
10~2. Increasing the steps to 4 reduces the error to the 1073 level, and further
increasing to 8 reduces it to the 1074 level.

Appendix C Step Size Selection Strategies

We compare the effectiveness of three different step size selection strategies:
e A fixed step size a« = 1/M;
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Table B3 Performance of Descent-Net with varying S

Descent Step  ineq. vio. eq. vio. sol. rel. err.  obj. rel. err.
S=1 0.0000 0.0000 8.9 x 1072 1.7 x 1072
S=2 0.0000 0.0000 6.0 x 1072 1.1 x 1072
S=4 0.0000 0.0000 3.5x 1072 3.4x1073
S=6 0.0000 0.0000 2.5 x 1072 1.8 x 1073
S=8 0.0000 0.0000 1.2 x 1072 3.1x 1074

® The maximum feasible step size amax that ensures feasibility;
e A learnable scale factor o(3) applied to aumax.

We perform comparative experiments on the convex quadratic pro-
gram (20), evaluating three methods based on the feasibility and optimality
of their solutions after a fixed number of update steps S = 8. The correspond-
ing results are presented in Table C4. As shown, both the fixed step size 1/M
and the maximum feasible step size amax perform worse than our final choice
& = 0(f)amax- The limitation of 1/M lies in its lack of flexibility, as a fixed step
size cannot adapt to the varying landscape of the problem. And o(8)amax out-
performs am., because the learnable parameter 8 captures useful information
that enables a more appropriate scaling of the maximum step size.

Table C4 Comparison of different step size selection strategies

Method ineq. vio.  eq. vio.  sol. rel. err.  obj. rel. err.
1/M 0.0000 0.0000 9.0 x 1072 1.2 x 1072
Qmax 0.0000 0.0000 1.1 x 107! 3.3x 1072

o (B)amax 0.0000 0.0000 1.2x 1072 3.1x 104

Appendix D Subproblem

In our method, each descent direction d is obtained by solving a subprob-
lem (Pen). To assess the ability of the Descent-Net to solve this subproblem,
we measure the relative error of the subproblem’s objective value between each
layer’s output di and the corresponding optimal solution.

We conduct experiments on the convex QP task. For simplicity, we set
S =1, performing only a single update, and fix the number of Descent-Net lay-
ers to K = 3. We then evaluate the trained network, with the results reported
in Table D5. As shown, the objective value of the subproblem (Descent
value) decreases progressively across layers, and by the final layer (layer 3),
the relative error in the objective value has already been reduced to 0.001,
demonstrating the efficiency of the Descent-Net in solving the subproblem.

29
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Table D5 Effectiveness of Descent-Net in solving subproblem

Layer Descent Value Relative Error

0 1740.4817 2.646 3
1 505.259 1 0.0585
2 478.2721 0.0020
3 477.7893 0.0010

Appendix E Learnable v in Descent-Net

We recorded the values of the learnable parameter 7 in each layer of the S
Descent Modules of the trained Descent-Net. For both QP and Nonconvex
problems,  is initialized to 0.1, while for the AC-OPF problem it is initialized
to 1. The results are presented in Table E6, Table E7 and Table E8. These
results indicate that the network is able to adjust v dynamically across layers.
In many cases, the values of v tend to decrease with the layer depth, which
is consistent with the requirement of diminishing step sizes for convergence in
subgradient methods.

Table E6 Values of v in Descent-Net across some steps for Simple QP problems

Step 1 Step 3 Step 5 Step 7

v 1.15x1072 6.37x1073 1.03x 1072 1.75 x 1072
72 141 x 1072 539x 1072 571 x 1072 4.49 x 1073
vs  9.85x 1072 1.00x 10~! 9.93x 10~* 2.23x 1073

Table E7 Values of v in Descent-Net across some steps for Nonconvex problems

Step 1 Step 3 Step 5 Step 7 Step 9

v 479%x 1072 1.02x 1072 340 x 1073 8.22x 1073 1.95x 1072
vo  4.92x 1072 953 x 1072 439 x107% 3.08x 1072 4.78 x 1073
73  1.19x 107! 553 x 1074 3.53x 1072 1.94x 102 3.25 x 1073

Appendix F Comparison with PGM (Projected
Subgradient Method)

We compare Descent-Net with the original PGM. Specifically, we remove the
operator T% in Descent-Net so that each layer reduces to (14). We still treat
the step size 7y as a learnable parameter and train this degenerated network
in the same manner as Descent-Net.

We evaluate the performance under different numbers of iterations K, with
the results reported in Table F9. We observe that PGM is inefficient, as the
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Table E8 Values of v in Descent-Net across steps for AC-OPF problems

node = 30, H-Proj node = 30, D-Proj
Step1 Step 2 Step 3 Step 1 Step 2 Step 3
ot 1.00 1.00 1.00 Y1 1.00 1.00 1.00
Y2 0.99 1.01 0.99 Y2 0.99 0.99 1.00
¥3 1.10 0.01 0.84 v3 1.42 0.20 1.01
node = 118, H-Proj node = 118, D-Proj
Step1  Step 2  Step 3 Step1  Step 2  Step 3
Y1 1.00 1.00 1.00 Y1 1.00 1.00 1.00
Y2 1.00 1.00 1.00 Y2 1.00 1.00 1.00
3 1.07 1.06 1.10 v3 1.29 1.03 0.99

relative error in the objective value compared to the initial solution decreases
very little with increasing iterations. This is likely due to the difficulty of select-
ing an appropriate step size for PGM. In contrast, the Descent-Net achieves
strong solution quality with only three layers, which also leads to a significant
advantage in computational efficiency.

Table F9 Comparison of Descent-Net and PGM on the convex QP task.

Method ineq. vio. eq. vio.  sol. rel. err.  obj. rel. err.  Time (s)
PGM (K =10) 0.0000 0.0000 1.9 x 107! 1.1 x 107! 0.0270
PGM (K = 20) 0.0000 0.0000 1.9 x 107! 1.1 x 107! 0.0501
PGM (K = 50) 0.0000 0.0000 1.9 x 107! 1.1 x 1071 0.1119

Descent-Net (K = 3) 0.0000 0.0000 1.2 x 1072 3.1x 1074 0.0132

Appendix G Descent Updates in the AC-OPF
Problem

In the AC-OPF problem, given (n —m) entries of a feasible point y € R™, the
remaining m entries are, in general, determined by the m equality constraints
ha(y) = 0.

Following the method in [18, 28, 38|, we assume the existence of a function
0y + R"™™ — R™ such that hy([2, ¢z(2)]) = 0. This allows us to eliminate
the equality constraints and reformulate the problem in terms of the partial
variable z. We can then perform descent direction updates on z, where the
optimization problem involves only the inequality constraints:

I]]Iglin fw(z), s.t. g.(2) <0, (G1)
zERn—m

where fx(z) = fa ([Zvax(Z)T]T) and g.(2) = gx ([ZTNPQU(Z)TF)-
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Using the chain rule, we can compute the derivative of ¢, with respect to
z, even without an explicit expression of p,:

_d _ Oh, Ohy Oy (2)
0= dzhw (#2(2) = 0z Opg(z) Oz
a@m(z)
__71h h
- J:,O:m + J:,m:n Oz ’
Opa(z) _ h =1 7n
= 82’ - (J:,m:n) J:,O:m'

Here, J" € R™*" denotes the Jacobian matrix of the equality constraints
hz(y) with respect to y. The notation Jff():m and J:’fm:n represent the subma-
trices corresponding to the partial derivatives with respect to z and ¢,(2),
respectively.

From this result, we can further obtain the gradients of the objective and
inequality constraints with respect to z. These gradient information is then
passed to the Descent-Net, which outputs the descent direction d, for the
partial variable z.

In order to obtain the complete descent direction d = [d.,d,] for y, we
also need the expression of d,. To ensure that the equality constraints remain
satisfied, we require the following first-order condition:

Wz + adz, ¢(2) + ady) =h(z,¢(2)) +a " m

:h(z? SD(Z)) + O‘(‘]:’TO:de + J:},Lm:ndtp) = 0’
where a > 0 is the step size. Hence, we obtain

—1h (z,gp(z)) .

[0}

dp=— (I ) T de = (I

Lmin Lmin

Appendix H Effect of Initialization on
Performance

To further investigate the impact of initialization quality, we conduct an addi-
tional test on convex QP, nonconvex QP, and AC-OPF problems. For the
convex and nonconvex QP cases, we use a mildly infeasible initial solution
generated by a DC3 model at an intermediate stage of training, while for the
AC-OPF case, the initialization is obtained from a DeepOPF model. Such an
initial point does not strictly satisfy all constraints and is therefore outside the
setting covered by our theoretical analysis, which assumes a feasible starting
point. The results are summarized in Table H10.

From Table H10, we observe different behaviors across problem classes. For
the convex QP and the nonconvex QP with linear constraints, Descent-Net
substantially reduces the inequality violation and improves both the solution
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Table H10 Performance of Descent-Net under mildly infeasible initializations.

Convex QP: n = 100, neq = Nineq = 50

Method ineq. vio.  eq. vio. sol. rel. err.  obj. rel. err.

Init 0.0134 0.0000 7.9x10°1! 9.1 x 1071
Descent-Net 0.0001 0.0000 9.6 x 1072 5.3 x 1072

Nonconvex: n = 100, neq = Nineq = 50

Method ineq. vio. eq. vio.  sol. rel. err.  obj. rel. err.

Init 0.0104 0.0000 9.6 x 1071 1.1
Descent-Net 0.0000 0.0000 6.9 x 1072 2.3 x 1072

AC-OPF: n = 300, neq = 600, nineq = 876

Method ineq. vio. eq. vio.  sol. rel. err.  obj. rel. err.

Init 0.0002 0.005 2 2.7 x 1073 3.4x 1073
Descent-Net 0.000 2 0.0053 9.9 x 1073 1.7x 1073

error and the objective error compared with the mildly infeasible initial point.
This suggests that, in the linearly constrained setting, the learned refinement
step has some robustness to small infeasibility in the initialization, although the
final accuracy is worse than that obtained from strictly feasible initializations.

For the AC-OPF problem, the behavior is more delicate. Descent-Net
reduces the objective error, but it does not improve the equality violation and
the solution error becomes larger. This indicates that the nonlinear equality
constraints make the refinement process more sensitive to initialization. This
observation is consistent with the scope of our theory, which covers linearly
constrained problems, while the AC-OPF experiment is presented only as an
empirical extension beyond the current theoretical guarantees.
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